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We demonstrate dynamical control of the superradiant transition of cavity-BEC system via periodic driving of
the pump laser. We show that the dominant density wave order of the superradiant state can be suppressed, and
that the subdominant competing order of Bose-Einstein condensation emerges in the steady state. Furthermore,
we show that additional, nonequilibrium density wave orders, which do not exist in equilibrium, can be stabilized
dynamically. Finally, for strong driving, chaotic dynamics emerge.
Recent developments in pump-probe experiments in the ul-
trafast regime have resulted in spectacular observations, most
notably a dynamical enhancement of optical conductivity in
high-Tc materials, suggesting photoinduced superconductiv-
ity. This observation has been made in different materials and
parameter regimes, which leads to the question if one or more
mechanisms are involved in these findings. One of the obser-
vations was reported in Ref. [1] on pump-probe experiments
in La1.8−xEu0.2SrxCuO4 (LESCO) at x = 1/8 doping. Here
the equilibrium material is in a charge density ordered state
that strongly suppresses the superconducting dome near this
commensurate doping. However, when the pump pulse is ap-
plied the superconducting response is restored. An intriguing
hypothesis to explain this observation is that the pump pulse
dynamically suppresses the dominant charge density wave
(CDW) order allowing the next-to-leading order, i.e. super-
conductivity, to emerge.
We propose to test the principle of this mechanism. As
a well-controlled and tunable environment [2], we consider
a cavity-Bose-Einstein condensate (BEC) system illuminated
by a transverse laser beam [3–5]. As the intensity of the trans-
verse laser beam is increased, the system undergoes a super-
radiant phase transition, at which the atoms self-organize into
a density wave (DW) order, shown in Fig. 1(a). This DW
serves as a Bragg lattice that scatters photons out of the pump
laser into the cavity mode. This phase transition is related to
the superradiant transition of the Dicke model [6, 7]. Two
experiments, performed in different parameter regimes, have
observed this transition [4, 5]. Theoretical [8–13] and exper-
imental studies [14–18] on this system have been reported.
At the transition, the condensate fraction of the atomic cloud
drops sharply, due to the onset of the competing density or-
der. The phase transition displays a qualitative similarity to
the competition of charge density order and superconductiv-
ity in LESCO, where condensation is the analogue of super-
conducting order, and each of these orders competes with a
density order.
In this Letter, we demonstrate dynamical control of this
phase transition. We show that periodic driving of the pump
beam suppresses density order, and that condensation is re-
stored, in parallel to the emergence of superconductivity due
to the suppression of density order. We perform a high-
frequency expansion of the Hamiltonian that demonstrates a
reduction in the atom-cavity coupling parameter due to the
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vations was reported in Ref. [? ] on pump-probe experiments
in La1.8 xEu0.2SrxCuO4 (LESCO) at x = 1/8 doping. Here
the equilibrium material is in a charge density ordered state
which strongly suppresses the superconducting dome near this
commensurate doping. However, when the pump pulse is ap-
plied the superconducting response is restored. An intriguing
hypothesis to explain this observation is that the pump pulse
dynamically suppresses the dominant CDW order allowing
the next-to-leading order, i.e. superconductivity, to emerge.
We propose to test the principle of this mechanism. As a
well-controlled and tunable environment [? ], we consider a
cavity-BEC system illuminated by a transverse laser beam [?
? ? ]. As the intensity of the transverse laser beam is in-
creased, the system undergoes a superradiant phase transition,
at which the atoms self-organize into density wave (DW) or-
der, shown in Fig. 1(a). This DW serves as a Bragg lattice
which scatters photons out of the pump laser into the cavity
mode. This phase transition is related to the superradiant tran-
sition of the Dicke model [? ? ]. Two experiments, performed
in different parameter regimes, have observed this transition
[? ? ]. Th oretical [? ? ? ? ? ? ] and experimental studies [?
? ? ? ] on this system have been reported. At the transition,
the condensate fraction of the atomic cloud drops sharply, due
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sition displays a qualitative similarity to the competition of
charge density order and superconductivity in LESCO, where
condensation is the analogue of superconducting order, and
each of these orders competes with a density order.
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FIG. 1. (a) For constant transverse pump strength ↵p,0, the system is
in a CDW phase characterized by occupation of the cavity mode and
the higher momentum states. (b) By modulating the pump strength
↵p(t), the CDW phase is suppressed and the BEC is restored as sig-
naled the by increase in the central peak density and the absence
of cavity mode population. For the driven case, the intensity of the
pump beam |↵p(t)|2 is effectively modulated due to the additional
frequency sidebands ±!d as shown in the power spectrum S(!).
In this paper, we demonstrate dynamical control of this
phase transition. We show that periodic driving of the pump
beam suppresses density order, and that condensation is re-
stored, in analogy to emergence of superconductivity due to
suppression of density order. We perform a high-frequency
expansion of the Hamiltonian that demonstrates a reduction
in the atom-cavity coupling parameter due to the modulation
of the pump field that agrees with the numerical observation.
The pump field modulation is realized by adding laser beams
that are detuned from the pump beam. We emphasize that
this choice of implementing the modulation leaves the mag-
nitude of the pump laser unchanged so that the resulting con-
trol of the phase transition is purely dynamical. Furthermore,
we show that non-equilibrium DW orders arise if the driving
frequency is near a resonance of the frequencies of the corre-
sponding atomic momentum states. Finally, we observe the
emergence of chaotic dynamics for strong driving.
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FIG. 2. (a) Time evolution of the pump field amplitude. Dynam-
ics of the (b) cavity mode and the (c) BEC mode occupations for
 0/Erec = 2.20, !d = 2    6 kHz, and different strengths of the
driving amplitude f0. Due to periodic driving, the density order of
the atoms is dynamically suppressed, and condensation is restored.FIG. 1. (a) For constant transverse pump strength ↵p,0, the system is
in a CDW phase characterized by occupation of the cavity mode and
the higher momentum states. (b) By modulating the pump strength
↵p(t), the CDW phase is suppressed and the BEC is restored as sig-
naled the by increase in the central peak density and the absence
of cavity mode population. For the driven case, the intensity of the
pump beam |↵p(t)|2 is effectively modulated due to the additional
frequency sidebands ±!d as shown in the power spectrum S(!).
FIG. 1. (a) For a transverse pump strength αp,0 above criticality, the
system is in a DW phase. Atoms occupy the corresponding higher
momentum states, nd photons occupy the cavity mode. (b) By mod-
ulating the pump strength αp t), DW or er is suppressed and con-
densation is restored. The cond nsate density increases, and the cav-
ity mod population is suppressed. We modulate the pump beam by
adding frequency sidebands ±ωd, seen in the power spectrum S(ω).
modulation of the pump field that agrees with the numerical
observation. The pump field modulation is realized by adding
laser beams that are detuned from the pump beam. We empha-
size that this choice of implementing the modulation leaves
the magnitude of the pump laser unchanged so that the result-
ing control of the phase transition is purely dynamical. Fur-
thermore, we show that nonequilibrium DW orders arise if the
driving frequency is near a resonance of the frequencies of the
corresponding atomic momentum states. Finally, we observe
the emergence of chaotic dynamics for strong driving.
In Fig. 1, we depict the cavity system, with the pump laser
along the y direction and the cavity axis along the z direction.
In the rotating frame [3], we decompose the atomic field into
plane waves einkyeimkz , which gives
Hˆ = −δCαˆ†αˆ+ ∆0
4
αˆ†αˆZˆ +
∆0
2
αˆ†αˆNˆ + ωrecEˆ (1)
− ωrec
2
|αp|2Nˆ − ωrec
4
|αp|2Yˆ +
√
ωrec|∆0|
4
|αp|DˆJˆ .
The number of atoms is Nˆ =
∑
φˆ†n,mφˆn,m and the kinetic en-
ergy is Eˆ =
∑
(n2 + m2)φˆ†n,mφˆn,m. Momentum excitation
due to the transverse pump is Yˆ =
∑(
φˆ†n+2,mφˆn,m + H.c.
)
.
The scattering of photons between the pump and the cavity
fields is captured by Dˆ = αˆ† + αˆ with the momentum excita-
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FIG. 1. (a) Time evolution of the pump field amplitude. Dynam-
ics of the (b) cavity mode and the (c) BEC mode occupations for
"0/Erec = 2.20, !d = 2⇡ ⇥ 6 kHz, and different strengths of the
driving amplitude f0. Due to periodic driving, the density order of
the atoms is dynamically suppressed, and condensation is restored.
FIG. 2. (a) Protocol for the pump field amplitude. Dynamics of the
(b) cavity mode and (c) BEC mode occupations for ε0/Erec = 2.20,
ωd = 2pi × 6 kHz, and different strengths of the driving amplitude
f0. Because of periodic driving, the density order of the atoms is
dynamically suppressed, and condensation is restored.
tion paths Jˆ =
∑(
φˆ†n,m
(
φˆn+1,m+1 + φˆn+1,m−1
)
+ H.c.
)
.
Excitation due to absorption and emission of cavity photons is
Zˆ =
∑(
φˆ†n,m+2φˆn,m + H.c.
)
. ∆0 is the light shift per in-
tracavity photon, δC is the detuning between the pump and
the cavity frequency, φˆn,m (φˆ†n,m) is the bosonic annihilation
(creation) operator of the atomic momentum state (n,m)~k,
αˆ (αˆ†) is the cavity mode annihilation (creation) operator, and
αp is the dimensionless pump strength parameter [19]. We
only consider negative detuning δeff ≡ δC−(1/2)Na∆0 < 0.
Photons leak out of the cavity at the rate κ. We use Na =
60× 103 atoms, ωrec = 2pi × 3.55 kHz, κ = 2pi × 4.50 kHz,
∆0 = −2pi × 0.36 Hz, and δeff = −2pi × 22 kHz from [5].
To elaborate on the analogy to high-Tc materials, we con-
sider the universal action of this system, to lowest order, anal-
ogous to [20, 21]. The order parameter of condensation is
Ψ = φ0,0, the DW order parameter is Φa = φ∗0,0(φ1,1 +
φ1,−1 + φ−1,1 + φ−1,−1) + c.c.. We include the photon field
as Φph = α. Including only the lowest momenta and nonlin-
ear terms, the free energy is F ≈ s1|Ψ|2 +s2Φ2a+s3|Φph|2 +
ν1|Ψ|2|Φph|2 + ν2Φph,rΦa, with s1 = −ωrec|αp|2/2, s2 =
ωrec, s3 = −ωrec, ν1 = ∆0/2, ν2 =
√
ωrec|∆0||αp|/2,
and Φph,r = <Φph. This describes a superconducting order
competing with commensurate, real-valued DW order, where
the atomic and photonic component of the DW have been
treated explicitly. The symmetry of the system is U(1) × Z2,
where the U(1) symmetry refers the phase invariance Ψ →
exp(iθ)Ψ, and the Z2 corresponds to the simultaneous map-
ping Φph → −Φph and Φa → −Φa. If the photonic mode
could be integrated out without retardation we have Φph ≈
ν2Φa/δC , so that Feff ≈ s1|Ψ|2 + s′2Φ2a + ν|Ψ|2Φ2a, with
s′2 = s2 + s3ν
2
2/δ
2
C + ν
2
2/δC and ν = ν1ν
2
2δ
2
C , which shows
the competition between the BEC and DW explicitly, cf. [20].
We note, however, that the photonic dynamics cannot be in-
tegrated out without retardation. The cavity-BEC system is
therefore a zero-dimensional analogue of the action in [20],
but it explicitly includes the two components of the DW or-
der, the photonic and the atomic part.
We determine the dynamics with a numerical implementa-
tion of an open system truncated Wigner (TW) approximation
[22, 23]. For the initialization we choose αp = 0, and we
sample the initial state from a Wigner distribution of a coher-
ent state for the BEC mode, with 〈φ0,0〉 =
√
Na, and vacuum
noise in all other atomic modes and the photonic mode. We
propagate an initial state according to a stochastic differential
equation. The unitary evolution derives from Eq. (1). We in-
clude a white noise ξ(t), with 〈ξ∗(t)ξ(t′)〉 = κδ(t−t′) to treat
photon loss to a vacuum reservoir. We use 500 trajectories to
sample the dynamics, and we include momentum modes up to
{n,m} ∈ [−6, 6]. We ramp up the driving field with a proto-
col, shown in Fig. 2(a). We modulate the pump field αp by
introducing frequency sidebands±ωd detuned from the pump
beam
αp(t) =
√
0 (1 + f0cos(ωdt)) , (2)
where f0 is a dimensionless driving amplitude, see also Fig.
1. We emphasize that this method of driving keeps the popula-
tion of the carrier frequency constant. If one would modulate
the intensity |αp(t)|2, rather than the field αp(t), there would
be an additional trivial suppression of the DW phase because
the intensity of the carrier frequency is decreased. Experimen-
tally, this modulation can be achieved by adding additional
beams at frequencies that are detuned from the pump beam
by ±ωd. A version with a single frequency sideband is cur-
rently realized in [24]. In Figs. 2(b) and 22(c) we show the
cavity photon intensity and the BEC mode occupation as a
function of time. After the ramp-up of the pump intensity, the
system is in the DW phase, in which a sizable occupation of
the cavity mode exists. When the modulation is turned on, the
system relaxes to a steady state. As a crucial observation, we
find that the coherent state is restored for driving amplitudes
of f0 ≈ 0.1, for this example. 1
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FIG. 1. Comparison between the undriven and driven case for the
long-time averages of (a) the cavity and (b) the BEC mode occupa-
tions and (c) the correlation time as a function of the pump strength
"0 (units of Erec).
FIG. 3. Comparison between the undriven and driven steady-state
of (a) the cavity and (b) the BEC mode occupations and (c) the co-
herence decay rate as a function of the pump strength ε0 (units of
Erec).
Next, we vary the carrier intensity ε0 for fixed driving fre-
quency ωd = 2pi × 10 kHz and driving amplitude f0 = 0.20,
see Fig. 3. Panel (a) and (b) show the cavity photon inten-
sity and the BEC mode occupation, respectively, in the un-
driven state and the driven steady state. We observe that
the transition from the BEC to the DW phase is shifted to a
larger value of ε0, which demonstrates dynamical control of
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FIG. 1. Phase diagram for the long-time average of the (a) cavity
mode and the (b) BEC mode occupations for wd = 2⇡ ⇥ 10 kHz.
Phase boundary between the BEC and CDW phase: (i) thin solid
line for MF; (ii) thick dashed line for the effective time-independent
Hamiltonian; and (iii) circles with broken line for TW.
FIG. 4. Dynamical renormalization of the BEC-DW phase transi-
tion, visible in the (a) cavity mode and (b) BEC mode occupation for
wd = 2pi × 10 kHz. (i) Thin solid line shows the effective Hamil-
tonian prediction for the phase boundary, (ii) thick dashed line the
TW result. The phase boundary is indicated based on |α|2 > 70 and
n0/N > 0.97.
the phase transition. In addition, we show the temporal cor-
relation decay rate of the BEC mode which we determine by
fitting 〈φˆ†0,0(t2)φˆ0,0(t1)〉 with ∼ exp(−γt). The regime of
small γ is also extended to larger ε0, which demonstrates that
coherence in the BEC mode is restored.
In Fig. 4, we vary both ε0 and the driving amplitude f0. The
phase boundary between the BEC and DW phase is shifted
to higher ε0 with increasing f0. We compare the numerical
result to a Magnus expansion [25–29] of the time-dependent
Hamiltonian Eq. (1), at second order in f0, which gives [19]
Hˆeff = −δCαˆ†αˆ+ ∆0
4
αˆ†αˆZˆ +
∆0
2
αˆ†αˆNˆ + ωrecEˆ (3)
− ωrec0
2
(
Nˆ +
f20 Nˆ
2
+
∆0Nˆ
2ωrec
(
ωrec
ωd
)2
f20 (Dˆ)
2 +
Yˆ
2
)
− ωrec0f
2
0
8
Yˆ +
√
ωrec|∆0|0
4
DˆJˆ
[
1− 0
(
ωrec
ωd
)2
f20
]
.
The phase boundary predicted by Eq. (3) shows good agree-
ment with the TW result, see Fig. 4. The shift of the phase
boundary is primarily due to the effective reduction of the
atom-cavity coupling
√
0 → √0(1 − 0ω2recf20 /ω2d). A dy-
namical renormalization of the c-axis transport in high-Tc su-
perconductors has been discussed in [30].
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FIG. 5. Dynamical phase diagram as a function of ωd in units of 2pi × kHz. The carrier intensity and the driving amplitude are fixed to
ε0/Erec = 2.19 and f0 = 0.25, respectively. (a)-(e) Cavity and (f)-(j) BEC mode occupation dynamics, and (k)-(o) order parameter dynamics
for the DW orders. For (k)-(o), each line represents the three relevant order parameters |Φ1,1|2, |Φ4,0|2, and |Φ1,3|2. (p)-(t) Density plot on
semilogarithmic scale of the momentum occupation |φn,m|2 in the steady state, as a function of the discrete momenta ky and kz .
In addition to controlling the phase boundary of two equi-
librium phases, we now demonstrate that we can create
nonequilibrium order, see Fig. 5. These are orders that do
not exist in equilibrium. In particular, we choose driving
frequencies at an integer ratio to the discrete momentum
(n2 + m2)ωrec, to excite new types of DW orders. In a re-
cent work, calculations based on the Hill equation predict that
parametric instabilities occur in a related system at multiples
of the recoil frequency [31]. The associated order parameters
are Φn,m = cos(nky)cos(mkz) as quantified by 〈|Φn,m|2〉,
where the DW considered above corresponds to Φa = Φ1,1.
We refer to this DW phase as DW1. In addition to having a
long-lived occupation of the cavity mode, the standard type
of DW phase can also be identified by having a dominant or-
der parameter given by Φ1,1 as seen in Fig. 5. We determine
the additional higher order DW states, comparing the relative
4values of their order parameters. A new type of DW order
associated with the φ±4,0 momentum modes emerges when
the driving frequency is close to half of the frequency, i.e.,
2ωd ≈ (n2 + m2)ωrec = (42 + 02)ωrec = 16ωrec. We refer
to this order DW4, and note that the φ±4,0 modes are signifi-
cantly occupied, in addition to the φ±2,0 modes, as shown for
ωd = 2pi×28.5 kHz in Fig. 5(q). Superradiance is suppressed
because the condition for Bragg scattering is not fulfilled for
this type of density order. This can be seen in Fig. 5(q),
where the φ±1,±1 modes are depleted for the DW4 phase.
Furthermore, we note that the power spectrum for the DW4
phase, Sn0(ω) = |n˜0(ω)|2/
∫
dω|n˜0(ω)|2, where n˜0(ω) is the
Fourier transformation of n0(t), shown in Fig. 7(a), shows a
subharmonic response in the dynamics of the BEC mode. This
is indicated by two prominent peaks near ω/ωd = 0.5. This is
potentially related to a recent time-crystalline order proposed
in Ref. [13], but a more detailed discussion will be given else-
where. For a driving frequency near the frequency associated
with the φ±1,±3 modes, we find that its corresponding DW
order, which we call DW3, starts to emerge and coexist with
the DW1 order after transient dynamics. This intertwined or-
der is seen for ωd = 2pi × 34.5 kHz in Fig. 5. Increasing the
frequency to ωd = 2pi × 35.5 kHz, we observe in Fig. 5(e) an
example for a DW3 phase. Similar to the DW4 phase, super-
radiance is suppressed as DW1 order vanishes, and the order
parameter for DW3 becomes significant. We briefly mention
that a similar emergence of metastable dynamical phases has
been predicted in a periodically driven isolated Dicke model
[32]. 1
0 20 40
0
0.5
1
0
5 10
4
(a)
(b)
-6 -4 -2 0 2 4 6
-6
-4
-2
0
2
4
6
-6
-5
-4
-3
-2
-1(c)
FIG. 1. Dynamics of (a) the cavity and (b) the BEC modes. (c)
Long-time momentum spectra as in Fig. ??. The driving frequency
is wd = 2⇡ ⇥ 10 kHz with "0/Erec = 2.17 and f0 = 0.90.
FIG. 6. Dynamics of (a) the cavity ( ) t EC modes. (c)
Steady state omentum occupat on as in Fig. 5. The driving fre-
quency is wd = 2pi × 10 kHz with ε0/Erec = 2.17 and f0 = 0.90.
Finally, we show that for low driving frequency and large
driving amplitude, the system enters a chaotic regime, as de-
picted in Fig. 6. This phase is characterized by sharp oscilla-
tions between vanishing and the large population of the cavity
mode. Because of the large cavity mode occupation, the BEC
mode is severely depleted, and higher momentum modes are
populated as seen in Fig. 6. We note that, a similar dynamical
phase but with regular oscillatory behavior has been discussed
in [31, 33]. Here, we observe the chaotic dynamics of the ob-
servables for this chaotic phase, as seen in the power spec-
trum of the BEC mode dynamics and phase space trajectory
presented in Fig. 7.
In conclusion, we have determined and characterized the
dynamical states of a periodically driven cavity-BEC system.
The scenario that we have described here includes the renor-
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FIG. 1. (a) Power spectrum for the dynamics of the BEC mode for
various orders. Phase space trajectory for the last 30 driving cycles
for (b) chaotic and (c) CDW1.
FI . 7. (a) Po er spectru for the dyna ics of the E ode for
various orders shown in Figs. 5(f-j) and 6(b). Phase space trajectory
for the last 30 driving cycles for (b) chaotic regime with f0 = 0.90
and (c) DW1 with f0 = 0.25.
malization of the phase boundary of the equilibrium orders
for weak to intermediate driving strengths, the emergence of
nonequilibrium orders at intermediate driving strengths and at
resonant driving frequencies, and chaotic dynamics for strong
driving. We derive the universal action of this system which
shows that it is a paradigmatic zero-dimensional system of
competing orders, featuring the competition of Bose-Einstein
condensation and density wave order. The density wave order
itself has both an atomic and a photonic component each of
which is treated explicitly. We emphasize that a broad class
of many-body systems with competing orders are of this and
similar form, and our study will therefore be of guidance for
dynamical control in a broad, generic class of systems. Specif-
ically we consider the recent finding of dynamically induced
superconductivity in pump-probe experiments in the high-Tc
superconductor LESCO at x = 1/8 doping. For this finding it
was hypothesized that the pump pulse suppresses the CDW
order, and that the subdominant order of superconductivity
emerges [34]. In this Letter, we have shown that the principle
of this mechanism is indeed possible, and we propose it to be
tested in a cavity-BEC experiment. We find that it is crucial to
separate the atomic and photonic components of the DW order
[19], which suggests that, similarly, the electronic and atomic
components of a CDW in a solid-state system have to be con-
sidered explicitly, for the emergence of nonequilibrium super-
conductivity, and more generally for the regime of ultrafast
dynamics and the control of solid-state systems. Furthermore,
the scenario that we have described beyond the renormaliza-
tion of the equilibrium phase boundary, in particular nonequi-
librium orders and chaotic dynamics, suggests further remark-
able dynamical phenomena to be pursued in driven solid-state
systems.
ACKNOWLEDGMENTS
We would like to acknowledge the support from the
Deutsche Forschungsgemeinschaft through the SFB 925 and
the Hamburg Centre for Ultrafast Imaging. We also thank
5Andrea Cavalleri, Louis-Paul Henry, Jun-ichi Okamoto, and Beilei Zhu for useful discussions.
[1] D. Fausti, R. I. Tobey, N. Dean, S. Kaiser, A. Dienst, M. C.
Hoffmann, S. Pyon, T. Takayama, H. Takagi, and A. Cav-
alleri, “Light-Induced Superconductivity in a Stripe-Ordered
Cuprate,” Science 331, 189 (2011).
[2] I. Bloch, J. Dalibard, and W. Zwerger, “Many-body physics
with ultracold gases,” Rev. Mod. Phys. 80, 885 (2008).
[3] H. Ritsch, P. Domokos, F. Brennecke, and T. Esslinger, “Cold
atoms in cavity-generated dynamical optical potentials,” Rev.
Mod. Phys. 85, 553–601 (2013).
[4] K. Baumann, C. Guerlin, F. Brennecke, and T. Esslinger,
“Dicke quantum phase transition with a superfluid gas in an
optical cavity,” Nature 464, 1301–1306 (2010).
[5] J. Klinder, H. Keßler, M. Wolke, L. Mathey, and A. Hem-
merich, “Dynamical phase transition in the open Dicke model,”
Proc. Natl. Acad. Sci. USA 112, 3290–3295 (2015).
[6] R. H. Dicke, “Coherence in Spontaneous Radiation Processes,”
Phys. Rev. 93, 99–110 (1954).
[7] K. Hepp and E. H. Lieb, “On the superradiant phase transition
for molecules in a quantized radiation field: the dicke maser
model,” Ann. Phys. 76, 360–404 (1973).
[8] P. Domokos and H. Ritsch, “Collective Cooling and Self-
Organization of Atoms in a Cavity,” Phys. Rev. Lett. 89, 253003
(2002).
[9] D. Nagy, G. Szirmai, and P. Domokos, “Self-organization of a
Bose-Einstein condensate in an optical cavity,” Eur. Phys. J. D
48, 127–137 (2008).
[10] M. R. Bakhtiari, A. Hemmerich, H. Ritsch, and M. Thor-
wart, “Nonequilibrium Phase Transition of Interacting Bosons
in an Intra-Cavity Optical Lattice,” Phys. Rev. Lett. 114, 123601
(2015).
[11] F. Mivehvar, F. Piazza, and H. Ritsch, “Disorder-Driven Den-
sity and Spin Self-Ordering of a Bose-Einstein Condensate in a
Cavity,” Phys. Rev. Lett. 119, 063602 (2017).
[12] F. Mivehvar, S. Ostermann, F. Piazza, and H. Ritsch, “Driven-
Dissipative Supersolid in a Ring Cavity,” Phys. Rev. Lett. 120,
123601 (2018).
[13] Z. Gong, R. Hamazaki, and M. Ueda, “Discrete Time-
Crystalline Order in Cavity and Circuit QED Systems,” Phys.
Rev. Lett. 120, 040404 (2018).
[14] A. T. Black, H. W. Chan, and V. Vuletic´, “Observation of
Collective Friction Forces due to Spatial Self-Organization of
Atoms: From Rayleigh to Bragg Scattering,” Phys. Rev. Lett.
91, 203001 (2003).
[15] J. Klinder, H. Keßler, M. R. Bakhtiari, M. Thorwart, and
A. Hemmerich, “Observation of a Superradiant Mott Insula-
tor in the Dicke-Hubbard Model,” Phys. Rev. Lett. 115, 230403
(2015).
[16] J. Klinder, H. Keßler, Ch. Georges, J. Vargas, and A. Hem-
merich, “Bose-Einstein condensates in an optical cavity with
sub-recoil bandwidth,” Applied Physics B 122, 299 (2016).
[17] R. Landig, L. Hruby, N. Dogra, M. Landini, R. Mottl, T. Don-
ner, and T. Esslinger, “Quantum phases from competing short-
and long-range interactions in an optical lattice,” Nature 532,
476–479 (2016).
[18] J. Le´onard, A. Morales, P. Zupancic, T. Esslinger, and T. Don-
ner, “Supersolid formation in a quantum gas breaking a contin-
uous translational symmetry,” Nature 543, 87–90 (2017).
[19] See Supplemental Material for detailed discussions on the nu-
merical parameters, temporal correlation, comparison between
mean-field and truncated Wigner results, derivation of the effec-
tive time-independent Hamiltonian, density profiles for higher
nonequilibrium orders, and importance of the recoil-resolved
regime.
[20] L. E. Hayward, D. G. Hawthorn, R. G. Melko, and S. Sachdev,
“Angular Fluctuations of a Multicomponent Order Describe
the Pseudogap of YBa2Cu3O6+x,” Science 343, 1336–1339
(2014).
[21] A. J. Achkar, M. Zwiebler, C. McMahon, F. He, R. Sutarto,
I. Djianto, Z. Hao, M. J. P. Gingras, M. Hu¨cker, G. D. Gu,
A. Revcolevschi, H. Zhang, Y.-J. Kim, J. Geck, and D. G.
Hawthorn, “Nematicity in stripe-ordered cuprates probed via
resonant x-ray scattering,” Science 351, 576–578 (2016).
[22] P. B. Blakie, A. S. Bradley, M. J. Davis, R. J. Ballagh, and
C. W. Gardiner, “Dynamics and statistical mechanics of ultra-
cold bose gases using c-field techniques,” Adv. Phys. 57, 363–
455 (2008).
[23] A. Polkovnikov, “Phase space representation of quantum dy-
namics,” Ann. Phys. 325, 1790 (2010).
[24] C. Georges, J. G. Cosme, L. Mathey, and A. Hemmerich,
“Light-induced coherence in an atom-cavity system,” ArXiv e-
prints (2018), arXiv:1807.02577 [cond-mat.quant-gas].
[25] A. Hemmerich, “Effective time-independent description of op-
tical lattices with periodic driving,” Phys. Rev. A 81, 063626
(2010).
[26] N. Goldman and J. Dalibard, “Periodically Driven Quan-
tum Systems: Effective Hamiltonians and Engineered Gauge
Fields,” Phys. Rev. X 4, 031027 (2014).
[27] A. Eckardt and E. Anisimovas, “High-frequency approximation
for periodically driven quantum systems from a Floquet-space
perspective,” New J. Phys. 17, 093039 (2015).
[28] M. Bukov, L. D’Alessio, and A. Polkovnikov, “Universal high-
frequency behavior of periodically driven systems: from dy-
namical stabilization to Floquet engineering,” Adv. Phys. 64,
139–226 (2015).
[29] B. Zhu, T. Rexin, and L. Mathey, “Magnus Expansion Ap-
proach to Parametric Oscillator Systems in a Thermal Bath,” Z.
Naturforsch. A 71, 921–932 (2016).
[30] J.-i. Okamoto, A. Cavalleri, and L. Mathey, “Theory of En-
hanced Interlayer Tunneling in Optically Driven High-Tc Su-
perconductors,” Phys. Rev. Lett. 117, 227001 (2016).
[31] P. Molignini, L. Papariello, A. U. J. Lode, and R. Chi-
tra, “Superlattice switching from parametric instabilities in a
driven-dissipative BEC in a cavity,” ArXiv e-prints (2017),
arXiv:1710.02474 [cond-mat.quant-gas].
[32] V. M. Bastidas, C. Emary, B. Regler, and T. Brandes,
“Nonequilibrium Quantum Phase Transitions in the Dicke
Model,” Phys. Rev. Lett. 108, 043003 (2012).
[33] R. Chitra and O. Zilberberg, “Dynamical many-body phases of
the parametrically driven, dissipative Dicke model,” Phys. Rev.
A 92, 023815 (2015).
[34] A. A. Patel and A. Eberlein, “Light-induced enhancement of
superconductivity via melting of competing bond-density wave
order in underdoped cuprates,” Phys. Rev. B 93, 195139 (2016).
[35] J. G. Cosme and L. Mathey, in preparation.
6Supplemental Materials: Dynamical control of order in a cavity-BEC system
Jayson G. Cosme1,2,3, Christoph Georges1,2, Andreas Hemmerich1,2,3, and Ludwig Mathey1,2,3
1Zentrum fu¨r Optische Quantentechnologien, Universita¨t Hamburg, 22761 Hamburg, Germany
2Institut fu¨r Laserphysik, Universita¨t Hamburg, 22761 Hamburg, Germany
3The Hamburg Center for Ultrafast Imaging, Luruper Chaussee 149, Hamburg 22761, Germany
I. DYNAMICAL PROTOCOL
The full dynamical protocol used in obtaining the mean-field results consists of two stages: (i) slow ramp towards the mean
pump amplitude αp =
√
0; and (ii) the driving protocol. The exact time-dependence is shown below:
αp(t) = (S1)
√
0B1(t+ Tr + Tc, Tr) t ∈ [−Tr − Tc, −Tr−2Tc2 ]√
0B2(t+ Tr + Tc, Tr) t ∈ (−Tr−2Tc2 ,−Tc]√
0 t ∈ (−Tc, 0]√
0(1 +B1(t, Ts)f0cos(ωdt)) t ∈ (0, Ts/2]√
0(1 +B2(t, Ts)f0cos(ωdt)) t ∈ (Ts/2, Ts]√
0(1 + f0cos(ωdt)) t > Ts
where
B1(t, T ) =
2t2
T 2
(S2)
B2(t, T ) = −1− 2t
2
T 2
+
4t
T
.
Specifically, we have chosen Tr = 40 ms, Tc = 10 ms, and Ts = 4 ms. Note that the actual experimental value for the pump
beam intensity |ε0| for the setup in Ref. [5] can be modelled within the single mode description by an effective reduction in the
coupling according to |ε0|/|0| ≈ 1.44Erec where Erec is the recoil energy and 0 is the dimensionless pump strength parameter
used in the single-mode model. A schematic for the time evolution of the pump field used in this work is shown in Fig. S1. As
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FIG. S1. Time evolution of the pump field amplitude αp.
seen in Fig. S1, the system is allowed to evolve and relax for more than 50 ms upon reaching the desired modulation strength.
The long-time average of relevant observables shown in the main text correspond to a time averaging over the final 10 ms of the
full dynamics.
We show in Fig. S2 a comparison for the dynamical response of the system between a sharp and a gradual switching of the
driving amplitude. There, it can be seen that the two protocols only differ in the dynamical response of the system for short
times but the long-time average of observables is the same in both protocols.
II. ADVANTAGE OF DOUBLE-SIDEBAND OVER SINGLE-SIDEBAND PROTOCOL
There are two obvious ways to drive the pump intensity. The first one used in the main text is generated by introducing two
additional sidebands at ±ωd. Recall that for this case, we have
α{2}p (t) =
√
0(1 + f0cos(ωdt)), (S3)
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FIG. S2. (Left) Difference between the time evolution of the pump field amplitude αp for a sharp and a gradual increase in the driving
amplitude f0. (Right) Comparison of the corresponding dynamcis of the cavity mode between the two driving protocols. Here, we have
chosen ε0/Erec = 2.24, ωd = 2pi × 10 kHz, and f0 = 0.15.
and this creates an intensity modulation for the pump according to
|α{2}p (t)|2 = 0
(
1 +
f20
2
+
f20 cos(2ωdt)
2
+ 2f0cos(ωdt)
)
. (S4)
On the other hand, a second type of driving can be realized by adding just a single sideband say for example at +ωd. This
single-sideband protocol can be expressed as
α{1}p (t) =
√
0(1 + f0e
iωdt), (S5)
which then drives the pump beam intensity given by
|α{1}p (t)|2 = 0
(
1 + f20 + 2f0cos(ωdt)
)
. (S6)
If we compare Eqs. (S4) and (S6), it becomes immediately obvious that the single-sideband protocol introduces a larger constant
shift of 0f20 to the pump power as compared to the double-sideband protocol which only increases the pump intensity by a
constant amount of 0f20 /2. This becomes problematic for larger values of ε0 which require stronger driving amplitude if one
intends to completely wipe the DW phase. Indeed, as shown in an example presented in Fig. S1, the reduction in the number of
cavity photons is much greater in the double-sideband protocol for a fixed value of the driving amplitude f0.
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FIG. S3. Comparison between the suppression effect of single-sideband and double-sideband protocols. Time evolution of the cavity mode
occupation for ε0/Erec = 2.24, ωd = 2pi × 10 kHz, and f0 = 0.18.
III. TEMPORAL CORRELATION
In order to obtain the dependence of the temporal correlation on the pump strength parameter shown in Fig. 3(c), we first
calculate the temporal correlation according to
G(1)(t) =
((
Re〈φˆ†0,0(t)φˆ0,0(t1)〉
)2
+
(
Im〈φˆ†0,0(t)φˆ0,0(t1)〉
)2)1/2
〈n0,0(t1)〉 (S7)
where t1 = 20 ms. The corresponding decay rates indicative of the correlation time in the system are γu for the undriven case
and γd for the driven case. This can be extracted from fitting an exponential decay exp(−γt) toG(1)(t) as exemplified in Fig. S4.
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FIG. S4. Temporal correlation for the (Red) undriven case and the (blue) driven case. (Top to bottom) ε0 = {2.15, 2.17, 2.23}. (Left) linear
and (right) semi-logarithmic scale. Dashed curves correspond to the exponential fit as described in the text.
IV. COMPARISON BETWEEN MEAN-FIELD AND TRUNCATEDWIGNER RESULTS
In order include quantum fluctuations, we have simulated the dynamics within the truncated Wigner (TW) approximation. A
detailed discussion of this method and how to sample the initial quantum noise for coherent and vacuum states can be found
in [22, 23]. In a nutshell, the TW approximation goes beyond the mean-field level by accounting for quantum fluctuations in
the initial state of the system. This is done by solving the underlying mean-field equations of motion stochastically using an
ensemble of initial conditions or trajectories that correctly samples the initial Wigner distribution for the available quantum states
in the system. Finally, observables obtained from each trajectory are averaged over the ensemble. For the cavity-BEC system
considered in this work, the corresponding set of mean-field equation reads [3]
i
∂φn,m
∂t
= ωrec
(
n2 +m2 +
∆0
2ωrec
|α|2 − |αp(t)|
2
2
)
φn,m +
∆0
4
|α|2(φn,m−2 + φn,m+2)− ωrec
4
|αp(t)|2(φn−2,m + φn+2,m)
(S8)
+
√
ωrec
√|∆0|
2
αp(t)Re(α)(φn−1,m−1 + φn+1,m−1 + φn−1,m+1 + φn+1,m+1)
i
∂α
∂t
=
[
−δeff + 1
2
Na∆0
∑
n,m
Re[φn,mφ
∗
n,m+2]− iκ
]
α+ iξ
+
Na
√
ωrec
√|∆0|
4
αp(t)
∑
n,m
φn,m(φ
∗
n+1,m+1 + φ
∗
n+1,m−1) + φ
∗
n,m(φn+1,m+1 + φn+1,m−1),
where the Gaussian noise operator ξ in the cavity mode equation follows 〈ξ(t)ξ†(t′)〉 = κδ(t− t′).
9FIG. S5. (Left) Mean-field and (Right) truncated Wigner dynamics for the (Top) cavity mode and (Bottom) BEC mode occupations for
ε0/Erec = 2.20, ωd = 2pi × 6 kHz, and different strengths of the driving amplitude f0.
A comparison between the mean-field and TW results are shown in Fig. S5. As seen in Fig. S5, the main difference between
the mean-field and truncated Wigner simulations is the apparent earlier onset of DW formation predicted by TWA. This suggests
that quantum fluctuations lower the threshold value for the phase transition from the BEC to the DW phase. A more in-depth
discussion about this phenomenon and how it modifies the hysteretic dynamics observed in Ref. [5] will be addressed in an
upcoming work [35]. Apart from this deviation, it can be seen that the ability to dynamically control the BEC and density-
ordered phases in the system appears to be robust against quantum and vacuum fluctuations from the initial state.
V. DERIVATION OF THE EFFECTIVE TIME-INDEPENDENT HAMILTONIAN
Recall that the Hamiltonian shown in the main text reads
Hˆ = −δCαˆ†αˆ+ ∆0
4
αˆ†αˆ
∑
n,m
(
φˆ†n,m+2φˆn,m + φˆ
†
n,mφˆn,m+2
)
+
∆0
2
αˆ†αˆ
∑
n,m
φˆ†n,mφˆn,m (S9)
+ ωrec
∑
n,m
(n2 +m2)φˆ†n,mφˆn,m −
ωrec
2
|αp|2
∑
n,m
φˆ†n,mφˆn,m −
ωrec
4
|αp|2
∑
n,m
(
φˆ†n+2,mφˆn,m + φˆ
†
n,mφˆn+2,m
)
+
√
ωrec
√|∆0|
4
|αp|(αˆ† + αˆ)
∑
n,n
(
φˆ†n,m(φˆn+1,m+1 + φˆn+1,m−1) + (φˆ
†
n+1,m+1 + φˆ
†
n+1,m−1)φˆn,m
)
,
For the kind of driving considered here, the pump field amplitude is driven according to
αp(t) =
√
0(1 + f0cos(ωdt)), (S10)
which effectively drives the pump beam intensity via
|αp(t)|2 = 0
(
1 +
f20
2
+
f20 cos(2ωdt)
2
+ 2f0cos(ωdt)
)
. (S11)
An effective time-independent Hamiltonian can be obtained from Floquet-Magnus [28, 29] or high-frequency expansion [25–
27]. We briefly outline the general procedure for such expansion below. To this end, it is helpful to expand the time-dependent
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Hamiltonian in terms of its Fourier components such that
Hˆ(t) ≡ Hˆ =
∞∑
m=−∞
eimωdtHˆm. (S12)
The effective Hamiltonian can then be expanded as
Heff =
∞∑
n=0
H
(n)
eff (S13)
where up to second-order we have [26–28]
H
(0)
eff = H0 (S14)
H
(1)
eff =
1
ωd
∑
`
1
`
[H`, H−`]
H
(2)
eff =
1
ω2d
∑
` 6=0
 [H−`, [H0, H`]]
2`2
+
∑
`′ 6=0,`
[H−`′ , [H`′−`, H`]]
3``′
 .
For a single frequency sideband as in Eq. (S6), the first non-trivial correction to the time-averaged Hamiltonian H0 is given by
the first-order correction H(1)eff since H1 6= H−1 in this case. However for the two-sideband protocol considered in this work,
H1 = H−1 meaning the first-order correction for the effective Hamiltonian is zero, H
(1)
eff = 0. Therefore, we have the following
effective time-independent Hamiltonian
Heff = H0 +H
(2)
eff . (S15)
where
H
(2)
eff = −
1
4ω2d
[[H0, A1], A1] (S16)
Note that in Eq. (S16), we have introduced
H0 = −δCC + ∆0
4
CZ + ωrecE +
∆0
2
CN − ωrec0
2
(
1 +
f20
2
)
N − ωrec0
4
(
1 +
f20
2
)
Y +
√
ωrec
√|∆0|√0
4
DJ (S17)
and
2H1 = 2H−1 ≡ A1 = −ωrec(2f00)
2
N − ωrec(2f00)
4
Y +
√
ωrec
√|∆0|√0f0
4
DJ. (S18)
For brevity we will drop the hats in the operators. Note that in Eqs (S17) and (S18), we define the following operators:
C = α†α (S19)
D = α† + α
N =
∑
φ†n,mφn,m
E =
∑
(n2 +m2)φ†n,mφn,m
Z =
∑(
φ†n,m+2φn,m + h.c.
)
Y =
∑(
φ†n+2,mφn,m + h.c.
)
J =
∑(
φ†n,m (φn+1,m+1 + φn+1,m−1) + h.c.
)
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It is easy to show that the only nonzero commutator relations are [C,D], [E, J ], [E, Y ], and [E,Z]. Then we find
[[H0, A1], A1] =
ω2rec(f00)
2
16
[
4ωrec[[E, Y ], Y ]− 2
√
ωrec
√|∆0|√
0
D
(
[[E, J ], Y ] + [[E, Y ], J ]
)
(S20)
− ∆0
0ωrec
[[C,D], D]J2
(
−δC + ∆0
2
(
N +
Z
2
))
− ∆0
0
D2[[E, J ], J ]
]
.
One useful property for calculating commutators between various momentum mode operators is∑
n,m,n′,m′
[f(n,m)φ†n+a,m+bφn+c,m+d, φ
†
n′+a′,m′+b′φn′+c′,m′+d′ ] (S21)
=
∑
n,m
(
f(n,m)φ†n+a,m+bφn+c+c′−a′,m+d+d′−b′ − f(n+ c′ − a,m+ d′ − b)φ†n+a′,m+b′φn+c+c′−a,m+d+d′−b
)
Using this property, we get
[[H0, A1], A1] =
ω2rec(f00)
2
16
[
32ωrec
(∑
(φ†n,mφn−4,m + h.c.)
)
+
2∆0
0ωrec
J2
(
−δC + ∆0
2
(
N +
Z
2
))
(S22)
− 4∆0
0
(α† + α)2
(
−4
∑
φ†n,mφn,m +
∑
(φ†n,m(φn+2,m−2 + φn+2,m+2) + h.c.)
)
− 16
√
ωrec
√|∆0|√
0
(α† + α)
(∑
(φ†n,m(φn+3,m−1 + φn+3,m+1 − (φn+1,m−1 + φn+1,m+1)) + h.c.)
)]
Then the first nontrivial correction to the effective Hamiltonian reads
H
(2)
eff = −
ω3rec(f00)
2
2ω2d
(∑
(φ†n,mφn−4,m + h.c.)
)
− ωrec∆0(f00)
2
32ω2d0
(
−δC + ∆0
2
(
N +
Z
2
))
J2 (S23)
+
√
ωrec
√|∆0|√0
4
0
(
ωrec
ωd
)2
(f0)
2(α† + α)
∑
(φ†n,m(φn+3,m−1 + φn+3,m+1) + h.c.)
+
0
2
∆0
8
(
ωrec
ωd
)2
(f0)
2(α† + α)2
∑
(φ†n,m(φn+2,m−2 + φn+2,m+2) + h.c.)
−
√
ωrec
√|∆0|√0
4
0
(
ωrec
ωd
)2
(f0)
2(α† + α)
∑
(φ†n,m(φn+1,m−1 + φn+1,m+1) + h.c.)
− 0
2
∆0
2
(
ωrec
ωd
)2
(f0)
2(α† + α)2
∑
φ†n,mφn,m
Note that the first two lines in the Eq. (S23) can be neglected a posteriori. In the first line, the first term can be dropped when
higher momentum modes corresponding to {n + 4,m + 4} for any any integer values of n and m have negligible occupation
which is the case for all superradiant states obtained in this work as exemplified by the DW1 state in Fig. 5(r). The second term,
on the other hand, will have negligible contribution since J  1 is almost zero for the BEC phase while it will be several orders
of magnitude lower than the next relevant energy scale in the Hamiltonian for the self-organized phase. The second and third
lines corresponding to higher-order hopping terms in momentum space can also be neglected for moderate depletion of the BEC
mode such that |φ0,0|2 +
∑
n,m={±1,±1} |φn,m|2 ≈ Na. This simplification is further justified in calculations considered here
since we focus around the phase transition boundary where there are still relatively fewer photons occupying the cavity mode in
the DW1 phase. Finally, the effective time-independent Hamiltonian is given by
Heff = −δCα†α+ ∆0
4
α†α
∑
n,m
(
φ†n,m+2φn,m + h.c.
)
+ ωrec
∑
n,m
(n2 +m2)φ†n,mφn,m +
∆0
2
α†α
∑
n,m
φ†n,mφn,m (S24)
− ωrec0
2
[
1 +
f20
2
+
∆0
2ωrec
(
ωrec
ωd
)2
f20 (α
† + α)2
]∑
n,m
φ†n,mφn,m −
ωrec0
4
(
1 +
f20
2
)∑
n,m
(
φ†n,mφn+2,m + h.c.
)
+
√
ωrec
√|∆0|√0
4
[
1− 0
(
ωrec
ωd
)2
f20
]
(α† + α)
∑
(φ†n,m(φn+1,m−1 + φn+1,m+1) + h.c.)
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FIG. S6. Comparison of the cavity mode dynamics between the solution of the full mean-field equations and the effective time-independent
Hamiltonian from the Magnus expansion. The driving frequency is set to wd = 2pi × 10 kHz and the driving amplitude is f0 = 0.152.
Upon normalization of the momentum mode occupation
∑
φ∗n,mφn,m = 1, we finally obtain the corresponding mean-field
equation for the effective Hamiltonian Heff
i
∂φn,m
∂t
= ωrec
(
n2 +m2 +
∆0
2ωrec
|α|2 − 0
2
(
1 +
f20
2
+ 2(Re(α))2
∆0
ωrec
(
ωrec
ωd
)2
f20
))
φn,m (S25)
+
∆0
4
|α|2(φn,m−2 + φn,m+2)− ωrec0
4
(
1 +
f20
2
)
(φn−2,m + φn+2,m)
+
√
ωrec
√|∆0|√0
2
[
1− 0
(
ωrec
ωd
)2
f20
]
Re(α)(φn−1,m−1 + φn+1,m−1 + φn−1,m+1 + φn+1,m+1)
i
∂α
∂t
=
((
−δeff − Na∆00
2
(
ωrec
ωd
)2
f20
)
+
1
2
Na∆0
∑
n,m
Re[φn,mφ
∗
n,m+2]− iκ
)
α
+
Na
√
ωrec
√|∆0|
4
√
0
[
1− 0
(
ωrec
ωd
)2
f20
]∑
n,m
(
φn,m(φ
∗
n+1,m+1 + φ
∗
n+1,m−1) + h.c.
)
+
Na∆00
2
(
ωrec
ωd
)2
f20α
∗.
Note that we recover the mean-field equations of motion in Ref. [5] for the undriven case f0 = 0. From the bracketed terms
in Eq. S25, it is easy to see that the enhancement of the BEC phase can be explained by an effective reduction in the coupling
strength of the two-photon process that scatters atom from φ0,0 to φ±1,±1
√
0
driven−−−→ √0
[
1− 0
(
ωrec
ωd
)2
f20
]
. (S26)
We numerically integrate this set of equations in order to obtain the results shown in thin solid lines in Fig. 4. We also show
in Fig. S6 a comparison between the results of numerically integrating the full mean-field equations and those from an effective
time-independent Hamiltonian according to Eq. (S25). For the driven case presented in Fig. S6, we have applied a Gaussian
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FIG. S7. Dynamical renormalization of the BEC-DW phase transition, visible in the (top) cavity mode and (bottom) BEC mode occupation
for wd = 2pi × 10 kHz. (i) Thin solid line shows the effective Hamiltonian prediction for the phase boundary, (ii) thick dashed line the TW
result, (ii) thick dashed-dotted line the MF result. The phase boundary is indicated based on |α|2 > 70 and n0/N > 0.97.
filter with width σ = 1/ωrec to artificially remove the micromotion part of the dynamics which is inherently not captured by
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the effective Hamiltonian obtained here. In doing so, we can then focus on more important aspects of the dynamics including
its overall trend and long-time behaviour. On one hand, we find that the effective time-independent Hamiltonian nicely captures
the short time dynamics predicted by the full mean-field equations after the modulation is sharply switched on. This suggests
that the driving protocol can be seen as some kind of sudden quench to an effectively weaker atom-cavity coupling. On the other
hand, we find that the steady-state predictions from the effective Hamiltonian agree very well with the mean-field counterpart
for a gradual ramp of the driving amplitude as exemplified in Fig. S6. This is of course consistent with the good agreement for
the phase boundary shown in Fig. S7.
VI. MEAN-FIELD ORDER PARAMETERS AND SINGLE-PARTICLE DENSITY PROFILES FOR DENSITY-WAVE
ORDERED PHASES
Here, we present results for single trajectories in our TW simulations, which basically correspond to mean-field pre-
dictions for the dynamics. In particular, we calculate the expectation value of the dominant order parameter 〈Φn,m〉 for
the DW1, DW4, and DW3 dynamical phases. We also obtain exemplary single-particle density (spd) profiles, ρ(y, z) =∑
n,m,n′,m′ φ
†
n,mφn′,m′e
i(n−n′)kyei(m−m
′)ky , in the long-time limit of each DW phases in order to gain further insights on
possible symmetry breaking phenomenon. The corresponding results are shown in Fig. S8.
For the renormalized DW1 phase in the presence of driving, the original Z2-symmetry breaking associated to the self-
organization of atoms survives as seen in the left panel of Fig. S8. In this case, the atoms spontaneously form one of the
two possible checkerboard patterns corresponding to a positive-valued order parameter 〈Φ1,1〉. Moreover, the small temporal
fluctuation of the leading order parameter suggests that the atomic ensemble essentially remains fixed in one of the symmetry
broken ordered phases for long times.
In contrast to the nonequilibrium DW1 phase, we find that the DW4 and DW3 phases exhibit strong oscillation of the domi-
nant order parameters around zero. This physically means that the system is dynamically switching between possible symmetry
broken ordered phases. This phenomenon has been also predicted for the so-called dynamical normal phase [31, 33] where the
atoms are dynamically switching between the even and odd checkerboard patterns. For the DW4 phase shown in the middle
panel of Fig. S8, the system is oscillating between possible striped phases corresponding to density modulation along the di-
rection of the pump beam. This is consistent with the absence of momentum excitations along the z-direction shown in Fig.
5(q). Similarly, the single-particle density profile for the DW3 phase dynamically switches between stripe-ordered phases with
additional checkerboard density modulation along the cavity axis as depicted in Fig. S8.
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FIG. S8. (Top) Dominant order parameters and (Bottom) exemplary single-particle density profiles within the mean-field theory for (left) DW1
(wd = 2pi × 34.0 kHz), (middle) DW4 (wd = 2pi × 28.5 kHz), and (right) DW3 (wd = 2pi × 35.5 kHz). The exact parameters are the same
as Fig. 5 in the main text.
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VII. IMPORTANCE OF THE RECOIL RESOLUTION κ
In the case when 4ωrec  κ just like in Ref. [4], the cavity mode adiabatically follows the atomic degrees of freedom such
that only the dynamics of the atomic modes need to be considered explicitly. As mentioned in the main text, we find that it is
important to explicitly consider the dynamics of both the atomic and cavity modes in order to mimic the dynamical suppression
effect of density-wave order seen in high-Tc superconductors. That is, we briefly show here the importance of having 4ωrec  κ
as in Refs. [5, 15, 16] in the recondensation process after the modulation. To this end, we show in Fig. S9 the ensuing dynamics
for the BEC and cavity modes for κ = κexpt = 2pi × 4.5 kHz and for κ = 10κexpt. We adjust the mean pump strength for each
case in order to fix the number of photons in the DW phase. We then choose a critical modulation amplitude f0 which is just
enough to completely suppress the cavity mode occupation. A higher value for κ means that the mean pump strength needed to
enter the DW phase will have to increase as well as evident from our simulation. Even though we are still able to completely
suppress the DW phase for κ = 10κexpt, the number of atoms that we recover back to the BEC mode is not significant in contrast
to the case when κ = κexpt. Moreover, we find stronger temporal variance in the BEC mode occupation for κ = 10κexpt. These
observations suggest the importance of low κ and it also emphasizes the point that the photonic and atomic degrees of freedom
should be treated individually.
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FIG. S9. Comparison of the (left) BEC and (right) cavity modes for κ = κexpt (κ = 10κexpt) with f0 = 0.12 (0.22), ε0/Erec = 2.18 (6.93),
and wd = 2pi × 10 kHz.
